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First-principles approach to the dynamic magnetoelectric couplings in BiFeO3
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Despite its great technological importance, the magnetoelectric (ME) couplings in BiFeO3 are
barely understood. By using a first-principles approach, we uncover the dynamic ME couplings
of the long-range spin-cycloid in BiFeO3. Based on a microscopic Hamiltonian, our first-principles
approach disentangles the hidden ME couplings due to spin-current and exchange-striction. Beyond
the spin-current polarization governed by the inverse Dzyaloshinskii-Moriya interaction [1], various
spin-current polarizations derived from both ferroelectric and antiferrodistortive distortions cooper-
atively produce the strong non-reciprocal directional dichroism or the asymmetry in the absorption
of counter-propagating light in BiFeO3. Our systematic approach can be generally applied to any
multiferroic material, laying the foundation for revealing hidden ME couplings on an atomic scale
and for exploiting optical ME effects in the next generation of technological devices such as optical
diodes.
PACS numbers: 75.25.-j, 75.30.Ds, 75.50.Ee, 78.30.-j
The heroic characteristics of BiFeO3 , i.e. its room-temperature ferroelectric (TC ≈ 1100 K [2]) and magnetic (TN ≈
640 K [3]) transitions and large ferroelectric polarization [4] below TC, have unexpectedly hampered our understanding
of the magneto-capacitance effects driven by spin ordering below TN. Because BiFeO3 is a type-I multiferroic, its
spin-driven polarizations and magnetoelectric (ME) behavior are veiled by a large preexisting FE polarization. Despite
a great deal of effort [3, 5, 6, 8–11] and the strong ME effects revealed by recent neutron-scattering [12] and Raman-
spectroscopy [13] measurements, little is known about the microscopic origins of the spin-driven polarizations and
ME couplings in BiFeO3.
Due to the lack of spatial inversion and time reversal symmetries in multiferroics, the intimate coupling between
spins and local electric dipoles can give rise to strong ME effects [14]. Such ME effects, mostly studied in the static
limit so far, can resonantly be enhanced at the so-called ME spin-wave excitations characterized by a coupled dynamics
of spins and local electric dipoles [14]. Non-reciprocal directional dichroism (NDD) or the difference in the absorption
of counter-propagating light beams has proven to be a powerful tool to investigate intrinsic ME couplings in several
multiferroics [15–19].
BiFeO3 has two distinctive structural distortions that eliminate inversion centers and can couple to the electric
component of light. One is the ferroelectric (FE) distortion (Γ−4 [111]), which breaks global inversion-symmetry (IS),
and the other is the antiferrodistortive (AFD) octahedral rotation (R+4 [111]), which breaks the local IS between
nearest neighbor spins.
Using a first-principles approach based on a microscopic Hamiltonian, we show that all ME couplings are microscop-
ically driven by a distinctive combination of these two inherent structural distortions. Four spin-current polarizations
associated with the FE and AFD distortions cooperatively induce the strong NDD in BiFeO3. This type of study
of dynamical or optical ME effects is especially powerful for leaky ferroelectrics where static magneto-capacitance
measurements are not feasible and for type-I multiferroics such as BiFeO3 where the evaluation of static magneto-
capacitance data is not straightforward due to the large preexisting FE polarization of roughly 90µC/cm2 [4].
1. Microscopic spin-cycloid model for R3c BiFeO3.
The FE and AFD distortions each creates its own Dzyaloshinskii-Moriya (DM) interaction, DFE and DAFD. By
including all magnetic anisotropies governed by the FE and AFD distortions, the spin Hamiltonian can be written as
H = HSCFE + HSCAFD +HEX +HSIA (1)
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2HSCFE =
∑
〈i,j〉
DFE · (Si × Sj) (2)
HSCAFD =
∑
〈i,j〉
(−1)niDAFD · (Si × Sj) (3)
HEX = −J1
∑
〈i,j〉
Si · Sj − J2
∑
〈i,j〉′
Si · Sj (4)
HSIA = −K
∑
i
(Si · z′)2, (5)
where 〈i, j〉 and 〈i, j〉′ represent nearest and next-nearest neighbor spins, respectively. The FE polarization lies
along z′ = [1, 1, 1] (all unit vectors are assumed normalized to one). Since the FE distortion is uniform, its DM
interaction (DFE) is translation-invariant. By contrast, the translation-odd R
+
4 [111] AFD octahedral rotation requires
the coefficient (−1)ni , which alternates from one hexagonal layer ni to the next, in front of DAFD. The final
contribution to the Hamiltonian is the single-ion anisotropy (SIA) proportional to the corresponding coefficient K.
SIA favors spin alignment along the FE polarization direction z′. Simplified forms for the DM terms HSCFE and HSCAFD
are given in Appendix A.
By ignoring the cycloidal harmonics but including the tilt [21] τ produced by DAFD, the spin state can be approx-
imated [22] as
Sx′(R) = S(−1)n+1 cos τ sin(2πδr), (6)
Sy′(R) = S sin τ sin(2πδr), (7)
Sz′(R) = S(−1)n+1 cos(2πδr). (8)
We recall that [23] sin τ = S0/S where M0 = 2µBS0 is the weak FM moment of the AF phase along y
′ above Hc.
For moment [6, 7] M0 = 0.03µB, τ = 0.006 or 0.34
◦. By comparison, our result of Local Spin-Density Approximation
(LSDA)+U (U = 5 eV) indicates that M0 = 0.029µB. Because higher harmonics are neglected, averages taken with
the tilted cycloid introduce a very small error of order C3
2 ≈ 2.5× 10−5.
2. First-principles method
First-principles calculations were performed using density functional theory (DFT) from the VASP code within
a local spin-density approximation with an additional Hubbard (LSDA+U) interaction for the exchange-correlation
functional. The Hubbard U and the exchange JH were set to U = 5 eV and JH = 0 eV for Fe
3+, parameters that
were found to be optimal for BiFeO3 [24, 25]. We used the projector augmented wave (PAW) potentials [26, 27]. To
integrate over the Brillouin zone, we used a supercell made of a 2×2×2 perovskite units (40 atoms, 8 f.u.), 3×3×3
Monkhorst-Pack (MP) k-points mesh. To evaluate DFE and DAFD, we employed a 4×2×2 unit (80 atoms, 16 f.u.)
with a 1×3×3 Monkhorst-Pack (MP) mesh. The wave functions were expanded with plane waves up to an energy
cutoff of 500 eV. To calculate exchange interactions (Jn), we used four different magnetic configurations (G-AFM,
C-AFM, A-AFM and FM). The DM parameters DFE and DAFD were estimated by replacing all except for four of
Fe3+ cations with Al3+ [24] in the 80 atom unit cell.
After obtaining the exchange, DM, aand SIA interactions, we calculated their derivatives with respect to an applied
electric field parallel to a cartesian direction. To simulate atomic displacements driven by the applied field (Eα) in bulk
BiFeO3, we calculated the lowest-frequency polar eigenvector from the dynamical matrix and forcibly move the atoms
incrementally from the ground state (R3c) structure. The resulting energy difference between the two structures are
divided by the induced electric polarization (P indα ). The major difference in the polar eigenvectors obtained from the
dynamic and the force-constant matrix arises from the Fe-O-Fe bond angle. The eigenvector of the dynamic matrix
decreases the bond-angle while the eigenvector of the force-constant matrix increases that angle (Appendix B). These
opposing tendencies result in distinct ME behaviors in dynamic and static electric fields.
In the present study we analyzed the dynamic matrix to understand the dynamic ME couplings resulting in NDD.
P SDα =
∂H
∂Eα
=
∂P indα
∂Eα
∂H
∂P indα
≈ ǫ ∂H
∂P indα
(9)
To estimate the dynamic spin-driven polarization (P SDα ), we calculated ∂H/∂P ind from LSDA+U and used the
dielectric constant of ǫ ≈ 90 when the electric field is perpendicular to the rhombohedral axis [28].
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FIG. 1: Response of Dzyaloshinskii-Moriya (DM) interactions to electric field in R3c BiFeO3. Blue arrows denote DM vectors
without E and red arrows denote the change of DM with E. (a) FE-induced DM (DFE) and its derivative vectors (f) with
respect to E. (b) AFD-induced DM (DAFD) and its derivative vectors (a) with respect to E. The sign of the vectors alternate
due to the AFD nature. Thick- and light-red arrows denote responses of DM to E along the α direction when spin bonds are
parallel (fαα, aαα) and perpendicular (fαβ, aαβ) to E respectively. The size of the arrows is proportional to the magnitudes
of the response to E. Oαα (Oαβ) denotes oxygens along bonds parallel (perpendicular) to E, respectively. Bi is not drawn for
clarity.
3. Spin-current polarizations
The change in the Si×Sj cross product modulates the Fe-O-Fe bond angle and produces the spin-driven polarizations
[1]. FE and AFD distortions each generates its own spin-current polarizations associated with the electric-field
derivatives of the DM interactions DFE and DAFD, respectively. They are calculated using the procedure explained
in Ref. [29].
Hence, the spin-current polarization (SCP) may be written as PSC = PSCFE + P
SC
AFD. The first SCP is induced by
the response of the FE distortion to an external electric field:
P SCFE,γ = −
∂HSCFE
∂Eγ
= − 1
N
∑
k,〈i,j〉k
∂DkFE
∂Eγ
· (Si × Sj), (10)
where 〈i, j〉k is a sum over nearest neighbors with Rj −Ri = ak and k = x, y, or z. The electric-field derivatives
of the DM interactions fkγ = ∂DkFE/∂Eγ are given in Appendix C and Tab. I. While the derivative (f
αα) of DkFE
between spins Sj and Si with Rj − Ri parallel to the electric field is parallel to DkFE, that (fαβ) of DkFE between
spins with Rj −Rj perpendicular to the electric field is perpendicular to DkFE, as shown in Fig. 1.
In the lab reference frame {x, y, z}, regrouping terms for domain 2 with x′ = [1, 0,−1] yields P SCFE,α =
∑
β Λ
FE
αβTβ
with
ΛFE =


fxx
fxy
fxz

−


fzx
fzy
fzz

 =

 −h f − g −fg 2h g
−f f − g −h

 , (11)
where
T1 =
1
N
∑
〈i,j〉x
(Si × Sj) (12)
and f = fααβ , g = f
αβ
β , h = f
αβ
γ .
The second SCP arising from AFD rotations alternates in sign due to the alternating AFD rotations along [111]:
P SCAFD,γ = −
∂HSCAFD
∂Eγ
= −
∑
k,〈i,j〉k
(−1)ni
N
∂DkAFD
∂Eγ
·(Si × Sj). (13)
4The SCP components akγ = ∂DkAFD/∂Eγ are evaluated in Tab. I. While the derivative (a
αα) of DkAFD between spins
Si and Sj with Rj − Ri parallel to the electric field is nearly anti-parallel to DkAFD, that (aαβ) of DkAFD between
spins with Rj −Ri perpendicular to the electric field is perpendicular to DkAFD, as shown in Fig. 1.
For the spin-cycloid in BiFeO3, the SCP is simplified as (Appendix D),
PSCAFD =
1√
3N
{∑
〈i,j〉x
(−1)niΛAFD · (Si × Si+x) +
∑
〈i,j〉y
(−1)niΛAFD · (Si × Si+y)
+
∑
〈i,j〉z
(−1)niΛAFD · (Si × Si+z)
}
(14)
so that
ΛAFD = axx + ayy + azz =

 s t tt s t
t t s

 , (15)
where s = aααα + 2a
αβ
β and t = a
αα
β + a
αβ
α + a
αβ
γ as shown in Tab. I.
4. Two exchange-striction polarizations
The absence of an inversion center between neighboring spin sites also allows the emergence of exchange-striction
(ES) polarizations. Since the scalar product Si ·Sj is modified by external perturbations such as temperature, electric
or magnetic field, the change in the dot product can induces the ES polarizations. FE and AFD distortions each
generates its own ES polarization.
For symmetric exchange couplings, ES is dominated by the response of the nearest-neighbor interaction J1:
Hex = −
∑
〈i,j〉
J1 Si · Sj = −
∑
k,〈i,j〉k
Jk1 Si · Sj . (16)
The two ES polarizations (PESFE , P
ES
AFD) associated with W1 and W2 are closely related to one another. The electric-
field derivatives Γ are given in the cubic coordinate system by
PESFE,α = −
1
N
∑
α
∂Hex
∂Eα
=
∑
β
ΓFEαβ W1β (17)
ΓFE =

 C‖ C⊥ C⊥C⊥ C‖ C⊥
C⊥ C⊥ C‖

 , (18)
W1u =
1
N
∑
〈i,j〉u
Si · Sj , (19)
where C⊥ = ∂J
β
1 /∂Eα (β 6= α) and C‖ = ∂Jα1 /∂Eα for spin bonds perpendicular and parallel to the electric field,
respectively.
The AFD octahedral rotation is perpendicular to z′. Therefore, the ES polarization associated with AFD is also
perpendicular to z′ with
P
ES
AFD = CAFD z
′ ×W2, (20)
PESAFD,α =
∑
β
ΓAFDαβ W2β (21)
W2u =
1
N
∑
〈i,j〉u
(−1)ni Si · Sj , (22)
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FIG. 2: Strong anisotropic response of magnetic exchange (J1) to an electric field. The slopes of thick and dotted lines
represent derivatives of J1 with respect to electric fields parallel (C‖ = ∂J
α
1 /∂Eα) and perpendicular (C⊥ = ∂J
β
1
/∂Eα, α 6= β)
to the spin-bond direction calculated from DFT.
ΓAFD =

 0 −(C‖−C⊥) C‖−C⊥C‖−C⊥ 0 −(C‖−C⊥)
−(C‖−C⊥) C‖−C⊥ 0

 . (23)
Unlike W1u, W2u alternates in sign due to opposite AFD rotations between adjacent hexagonal layers.
The first ES polarization parallel to z′ with coefficient CFE = (2C⊥+C‖) modulates the FE polarization that already
breaks IS above TN. The second ES polarization perpendicular to z
′ is described by the coefficient CAFD = C⊥ −C‖.
The AFD distortion affects the bonds between nearest-neighbor spins in the plane normal to z′ because each oxygen
moves along [0,−1, 1], [1, 0,−1], and [−1, 1, 0], perpendicular to z′. Thus, the second ES polarization is associated
with atomic displacements perpendicular to z′ and parallel to the AFD rotation.
Figure 2 shows a strong anisotropy in the response of magnetic exchange to an electric field. C⊥ arises from the
change in Fe-O-Fe bond angle due to a polar distortion; C‖ arises from bond contraction. As shown in the figure,
C‖ is much more sensitive to an electric field than C⊥. Since the ME anisotropy CAFD = C‖ − C⊥ produces an ES
polarization associated with AFD, the AFD rotation angle is affected by the spin ordering. In particular, the negative
sign (CAFD = −250 nC/cm2) indicates an increase of the rotation angle with respect to an increase in the dot product
Si · Sj because oxygen atoms moving in the AFD plane have a negative effective charge Z∗O(DFT) = −3.3e.
The anisotropic ES polarization components C⊥ and C‖ cooperatively induce the ES polarization along z
′ under
the IS broken by the FE polarization. We now obtain a negative CFE = −350 nC/cm2 with respect to a dynamic
electric field in contrast to our previous study [29] on the response to a static electric field (CFE = 215 nC/cm
2).
Appendix B shows the different eigenvectors of the dynamic and force-constant matrices. Fe moves upward with
respect to oxygens in the static regime while Fe moves downward in the dynamic regime because its mass is much
larger than that of oxygen. Therefore, a static E increases the bond angle of Fe-O-Fe (positive CFE) but a dynamic
E decreases the bond angle (negative CFE) due to the Goodenough-Kanamori rules [30]
5. Origin of directional dichroism
The most stringent test yet for the microscopic model proposed above is its ability to predict the NDD, i.e. the
weak asymmetry ∆α(ω) in the absorption α(ω) of light when the direction of light propagation is reversed. The
absorption of THz light is given by α(ω) = (2ω/c) ImN(ω) where [31, 32]
N(ω) ≈
√
(ǫii + χ
ee
ii (ω))(1 + χ
mm
jj (ω))± χmeji (ω) (24)
is the complex refractive index for a linearly polarized beam, χee, χmm and χme are the dielectric, magnetic, and
magnetoelectric susceptibility tensors describing the dynamical response of the spin system [15, 17, 19, 31] and ǫ is
the dielectric constant. Subscripts i and j refer to the electric and magnetic polarization directions, respectively.
The second term, which depends on the light propagation direction and produces NDD, is separated from the mean
absorption by writing N(ω) = N¯(ω)± χmeji (ω).
Summing over the spin-wave modes n at the cycloidal ordering wavevector Q, ∆α(ω) = (4ω/c) Imχme(ω) is given
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FIG. 3: Origin of the strong directional dichroism in BiFeO3. (a) The experimental NDD (∆ α) with static magnetic field
from 2 to 12 T and oscillating electric field along [1,−1, 0]. The predicted NDD using spin-current (b) and exchange-striction
(c) polarizations. i, j denotes nearest neighbors.
by
∆α(ω) =
∑
n
An δ(ω − ωn), (25)
An = NXωnRe
{
ρn0µ0n
}
, (26)
ρ0n = 〈0|P SD · e/V|n〉, µ0n = 〈0|M · h/µB|n〉, (27)
where M = (2µB/N)
∑
i Si is the magnetization, V = a3 is the volume per Fe site, PSD/V = (PES +PSC)/V is the
net spin-driven polarization given in units of nC/cm2, and
X =
4πµB
~
nC
cm2
=
0.1388
cm
. (28)
The THz electric and magnetic fields are polarized in the electric (e) and magnetic (h) directions, respectively.
For each field orientation and set of propagation vectors e and h, the integrated weight of every spectroscopic peak at
ωn is compared with the measured values, thereby eliminating estimates of the individual peak widths. Experimental
7TABLE I: SD-polarizations from exchange striction, spin current and single-ion anisotropy. Shown are the calcu-
lated (LSDA+U) electric-field derivatives of J1, DFE,DAFD, and K. The upper left and right scripts denote the directions of
the spin bond and electric field, respectively. fααβ = −f
αα
γ , f
αβ
γ = −f
βα
γ , and a
αα
β = a
αα
γ by R3c symmetry as in Appendix C.
α, β, and γ are in ascending order so that ǫαβγ = 1.
SCP from DFE SCP from DAFD ES polarization from J1
fααβ f
αβ
γ f
αβ
β a
αα
α +2a
αβ
β a
αα
β + a
αβ
α + a
αβ
γ CAFD CFE
LSDA+U 9 17 14 17 −19 −250 −350
Directional dichroism 36 29 29 28 −7.2 - -
results for the NDD with field along m = [1,−1, 0] are plotted in Fig. 3(a) for e = [1,−1, 0]. Fits to the NDD are
based on the plotted 2, 4, 6, 8, 10, and 12 T data sets. For each data set (h polarizations per field), we evaluate the
integrated weights for the 8 modes [33] Ψ0, Φ
(1)
1 , Ψ
(1,2)
1 , Φ
(1,2)
2 , and Ψ
(1,2)
2 between roughly 12 and 35 cm
−1.
From the comparison of Figs. 3(a) and (b), the NDD for m = [1,−1, 0] is dominated by the two sets of SC
polarizations PSCFE and P
SC
AFD associated with the DM interactions DFE and DAFD, respectively. Tab. I indicates
that the fitting results are not significantly changed by including the ES polarizations. As shown in Figs. 3(c) and
(d), which minimizes χ2 with respect to the experimental measurements [34], ES polarizations by themselves cannot
produce the observed NDD.
Comparing our results to the fits to the NDD, the various components of the spin-current polarizations in BiFeO3
are captured by first-principles calculations in Tab. I. The optical ME effect responsible the NDD is dominated by the
spin-current polarizations and is not strongly affected by the exchange-striction terms. This selective feature originates
from the nature of the spin dynamics in BiFeO3. Due to the very small single-ion anisotropy on the S = 5/2 Fe
3+
spins, each magnon mode can be described as the pure precession of the Fe3+ spins: the oscillating component δSωi
of the spin on site i is perpendicular to its equilibrium direction S0i . Since neighboring spins are close to collinear
in the long-range spin cycloid of BiFeO3, a dynamic polarization is effectively induced by spin-current terms such as
S0i × δSωi+1. However, the dynamic polarization generated by exchange-striction terms S0i · δSωi+1 is almost zero. The
spin stretching modes observed in strongly anisotropic magnets [31, 35] does not appear in BiFeO3.
Nevertheless, our DFT calculations underestimate the NDD fitting results in Tab. I. We can think of five reasons for
this underestimation. First, a larger dielectric constant (ǫ) could produce better agreement between DFT and NDD
since the spin-driven polarizations are proportional to the dielectric constant that enters Eq. 9. Second, consideration
of an electrically-induced polarization (P indβ , β 6= α) not parallel to electric field (P indα ) could improve the results
quantitatively. Third, higher-frequency polar modes which were not considered here also can affect NDD. Fourth,
a smaller Hubbard U will increase the spin-driven polarizations and improve the agreement with the experimental
fits. Fifth, magnon modes were observed between ν = 15 and 40 cm−1 while we calculated the ME couplings in the
dynamical limit. The crossover frequency ωc between static and dynamical behavior lies between 0 and the polar
phonon at ω = 78 cm−1. If ωc lies in the middle of the measured frequencies, then the polarization parameters may
differ from the dynamical couplings evaluated here.
6. Discussion
Anchoring first-principles calculations to the right microscopic Hamiltonian is crucial to understand the ME cou-
plings in complex multiferroic systems. With two sets of spin-current polarizations derived from the two distinct
structural distortions, BiFeO3 is a good example of how our atomistic approach works for complex materials beyond
the simple inverse DM interaction [1] with only one spin-current polarization.
The advantages (large FE polarization, high TC, and TN) of BiFeO3 have also turned out to be major obstacles
to understanding the ME couplings that produce the spin-driven polarizations below TN. Leakage currents and the
preexisting large FE polarization at high temperatures have hampered magneto-capacitance measurements and hidden
the spin-driven polarizations. Although recent neutron-scattering measurements [12] imply a large ES polarization,
most other ME polarizations are unknown. However, NDD measurements combined with first-principles calculations
based on a microscopic model reveal the hidden SC-induced polarizations. In particular, this approach allows us
to disentangle the delicate spin-current polarizations and the hidden ES polarizations associated with AFD rotation
that cannot be captured in any other way. We envision that intrinsic methods such as NDD will reveal hidden ME
couplings in many materials and rekindle the investigation of type-I multiferroics.
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Appendix A: Simplified form of Dzyaloshinskii-Moriya (DM) interactions.
1. FE-induced Dzyaloshinskii-Moriya (DM) interaction.
Since the FE vectors DkFE are given by (0, DFE, −DFE), (−DFE, DFE, 0), and (DFE, −DFE, 0) between nearest
spins along x, y, and z, respectively, the FE-induced DM interaction can be transformed as:
HSCFE =
∑
Ri,Rj=Ri+ek
D
k
FE · (Si × Sj) = D1
∑
Ri,Rj=Ri+ek
(z′ × ek/a) · (Si × Sj), (A1)
where D1 = DFE ≈ 154 nC/cm2 is now larger by
√
2 than in previous work [23].
2. AFD-induced Dzyaloshinskii-Moriya (DM) interaction.
The AFD interactions DkAFD along x, y, and z can be written
D
x
AFD = B(y + z) +Ax, (A2)
D
y
AFD = B(z+ x) +Ay, (A3)
D
z
AFD = B(x + y) +Az. (A4)
(A5)
For the magnetic domain with wavevector along [1, 0,−1],
HSCAFD =
∑
Ri,Rj=Ri+ek
(−1)niDkAFD · (Si × Sj)
=
√
3
′∑
Ri
z′ ·
{
B Sr × (SRi+ax + 2SRi+ay + SRi+az) +A SRi × (SRi+ax + SRi+az)
}
+
′∑
Ri
y′ ·
{
(B −A) SRi × (SRi+ax − 2SRi+ay + SRi+az)
}
≈
√
3
′∑
Ri
z′ ·
{
B SRi × (SRi+ax + 2SRi+ay + SRi+az) +A SRi × (SRi+ax + SRi+az)
}
,
≈
√
3(4B + 2A)
′∑
Ri
z′ · (SRi × SRi+ay) (A6)
where the primed sum over Ri is restricted to either ni odd or even hexagonal layers. Because SRi+ax − 2SRi+ay +
SRi+az is of order δ
2 ∼ 2× 10−5, the z′ term dominates.
Previously, the second DM term was written
HSCAFD = D2
∑
Ri,Rj=Ri+ek
(−1)niz′ · (Si × Sj)
= 2
√
3D2
′∑
Ri
z′ · (SRi × SRi+ax + SRi × SRi+ay + SRi × SRi+az)
≈ 6
√
3D2
′∑
Ri
z′ · (SRi × SRi+ay) (A7)
Therefore, D2 = (A+ 2B)/3 = 0.064 meV, which is in excellent agreement with previous determinations of D2 [23].
9Appendix B: Eigenvectors of dynamic and force-constant matrix responsible for the different CFE.
(a) (b)
-0.41
-0.64
-0.35
+0.32
-0.18
-0.63
Eω E0
+0.26 +0.64
Fe OBiω !"#$"%&'("
FIG. 4: Distinct atomic responses to dynamic and static electric fields. The lowest-frequency eigenvectors of dynamic matrix
(a) and of force-constant matrix (b) are compared. Note that the polar displacement in the dynamic limit (ω = 78 cm−1)
increases the Fe-O-Fe bond angle (dotted line) while the displacement decreases in the static limit.
We note in the paper that CFE is negative from the eigenmode of the dynamic matrix while it is positive from
eigenmode of force-constant matrix [29]. This difference originates from the opposite change of the Fe-O-Fe bond
angle. The bond angle increases in the static limit (a) while it decreases in the dynamic limit (b) (ω = 78 cm−1).
The different responses to electric field give rise to opposite sign of CFE.
Appendix C: Spin-current polarization components in cubic axis
Defining fkγ = ∂DkFE/∂Eγ (f denotes FE distortion),
D
x
FE = (0, D,−D), DyFE = (−D, 0, D), DzFE = (D,−D, 0) (C1)
fxx = (0, f,−f), fyx = (−g, 0,−h), fzx = (g, h, 0), (C2)
fxy = (0, g, h), fyy = (−f, 0, f), fzy = (−h,−g, 0), (C3)
fxz = (0,−h,−g), fyz = (h, 0, g), fzz = (f,−f, 0), (C4)
where f ≡ fααβ , g ≡ fαββ , and h ≡ fαβγ .
Defining akγ = ∂DkAFD/∂Eγ (a denotes AFD distortion),
D
x
AFD = (A,B,B), D
y
AFD = (B,A,B), D
z
AFD = (B,B,A), (C5)
axx = (a, b, b), ayx = (d, c, e), azx = (d, e, c), (C6)
axy = (c, d, e), ayy = (b, a, b), azy = (e, d, c), (C7)
axz = (c, e, d), ayz = (e, c, d), azz = (b, b, a), (C8)
where a ≡ aααα , b ≡ aααβ , c ≡ aαβα , d ≡ aαββ , and e ≡ aαβγ .
Appendix D: Simplification of spin-current polarization (aαβ) from antiferrodistortive DM (DAFD)
For domain 2 with x′ = [1, 0,−1],
(D1)
Tx = 1√
3
Tz′ − 1√
6
Ty′ Ty =
√
6
3
Ty′ + 1√
3
Tz′ Tz = Tx
(
Tk ≡ 3
N
∑
i
(−1)ni(Si × Si+k)
)
(D2)
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The spin-driven polarization associated with DAFD is
P SCx = a
xx · Tx + ayx · Ty + azx · Tz, (D3)
=
1√
6
(−axx + 2ayx − azx) · Ty′ + 1√
3
(axx + ayy + azz) · Tz′ (D4)
≈ 1√
3
(axx + ayy + azz) · Tz′ (D5)
Similarily,
P SCy ≈
1√
3
(axx + ayy + azz) · Tz′ (D6)
P SCz ≈
1√
3
(axx + ayy + azz) · Tz′ (D7)
Therefore, in the local frame,
P SCx′ = P
SC
y′ = 0, (D8)
P SCz′ =
1√
3
(P SCx + P
SC
y + P
SC
z ) =
1
3
(axx + ayy + azz) · Tz′ . (D9)
The polarization matrix used to evaluate the NDD is given by
axx + ayy + azz =

 a+ 2d b+ c+ e b+ c+ eb+ c+ e a+ 2d b+ c+ e
b+ c+ e b+ c+ e a+ 2d

 (D10)
where a + 2d = 17 nC/cm2 and b + c + e = −19 nC/cm2 are obtained from first principles as given in Tab.I of the
paper. (a ≡ aααα = 4.1 nC/cm2, b ≡ aααβ = −21 nC/cm2, c ≡ aαβα = −6.7 nC/cm2, d ≡ aαββ = 6.4 nC/cm2, and
e ≡ aαββ = 8.9 nC/cm2.)
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